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Abstract 

We study the scaling limit of a model of a tethered crumpled D-dimensional 
random surface interacting through an exclusion condition with a fixed impurity in 
d-dimensional Euclidean space by the methods of Wilson's renormalization group. 

In this paper we consider a hierarchical version of the model and we prove 
rigorously the existence of the scaling limit and convergence to a non-Gaussian fixed 
point for 1 < D < 2 and e > sufficiently small, where e = D — (2 — D)^. 
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1. Introduction 



There has been much interest recently in the statistical mechanics of tethered 
surfaces and the associated crumpling transition. [See the contributions in [1] and 
[2-7]]. The underlying Hamiltonian has stretching and bending terms as well as an 
Edwards interaction (generalized to surfaces) modelling self-avoidance [See the con- 
tributions of D.R.Nelson and others in [1]). In [1 — 7] perturbative renormalisability 
is assumed and the fixed point in the crumpled phase governing long distance asymp- 
totics is calculated in e-expansion in lowest order. To make further progress in the 
study of renormalizability Duplantier, in [5], proposed the study of a simpler model 
where the Edwards interaction corresponding to self-avoidance is replaced by an in- 
teraction with a fixed impurity via an exclusion condition. The model is that of the 
quantum field theory of a fluctuating D-dimensional crumpled surface embedded in 
d-dimensional Euclidean space corresponding to an Euclidean classical action: 

S=lj d''x\V${x)f + go j d^x5^''\${x)) (1.1) 

which we can restrict to a finite volume. Here ^(x)e3?'^, and represents a point of 
a D-dimensional surface embedded in 3?'^. The Gaussian term corresponds to a so 
called phantom surface whose Haussdorf dimension is identified with dn = ^^[1]- 
The 5-function interaction in (1.1) forbids this surface from touching a point (in this 
case the origin) of W^. This is highly singular, and thus renormalizability is at stake 
for the field theory. 

However F.David et al [7] have completed the perturbative renormalisation pro- 
gramme to all orders and, for 1 < D < 2, found the RG non-Gaussian fixed point 
in e-expansion. Here e = D — (2 — D)|. The purpose of this article is to show 
how the methods of Wilson's renormalization group [8], (RG), can be profitably and 
rigorously applied to the study of the scaling limit of the Duplantier model. The 
idea, as usual, is to introduce an ultraviolet (UV) cutoff version of (1.1), and then 
to remove this cutoff (thus achieving the scaling limit) by thinning out degrees of 
freedom, through successive RG interations. However, in the present paper, we 
make one simplification: we replace the cutoff free field by its hierarchical version 
[Gallavotti [9], [10]]. As is well known the UV cutoff hierarchical free field retains the 
standard scaling properties and long-distance behaviour but eliminates non-localities 



in the RG and the resulting RG transformation is similar to the approximate recur- 
sion relation discussed by Wilson [8]. To discuss the "more realistic" theory (without 
hierarchical approx) it is necessary to take care of the non localities that will arise. 
Standard techniques to handle this problem are the cluster and Mayer expansions, 
(see for instance, [10], [11], [12]). This will be the subject of a subsequent paper. But 
the RG analysis and convergence to a non-Gaussian fixed point is best seen first in 
the hierarchical framework where the underlying mechanisms are more transparent. 

In this paper, starting from an UV cutoff version of (1.1) and in the hierarchical 
scheme, we will prove the existence of the scaling limit (UV cutoff-^ oo), for 1 < 
D < 2 and e > sufficiently small. In Section II the cutoff version of the model is 
presented and in Section III the RG and its hierarchical version . We have gone into 
some pedagogical detail in Section III for the uninitiated reader. In sections IV and 
V we give a rigorous proof of the convergence of the RG iterations to a non-Gaussian 
fixed point. We estimate the effective potential at every step through convergent 
expansions. We prove that the sequence of effective potentials converges to a fixed 
point. The strategy is similar to that of Gawedzki and Kupiainen [13,14] in a diflferent 
context. The precise statement of our results is given by Theorem 1 at the beginning 
of section V. Some technical matters are left to the Appendices. 



2. The UV cutoff model 



We introduce a momentum space cutoff-function F{p^) where F > 0, C°°, mono- 
tonic decreasing, F(p^) — > as — > oo rapidly and F(0) = 1. An example of such 
a cutoff function is 

Wc assume : J d^pF{p'^) < oo. Our cutoff free field propagator in momentum space 
is: 

where A is the UV cutoff. We will choose A = (in fixed units), so A — > oo as 
N — > cxj. Here L > 2 is an integer . The corresponding cutoff action is: 

SK{ip) ^l/d^x {V^{x\F{^)-'V^{x)) + ~go{A) J d^x 6^j^\^ix)) (2.1) 

where Lp{x)e^'^ and (■ , ■) is the inner product in K'^. Here the cutoff dependence of 
^o(A) is to be chosen, and S^j^^ is an approximating sequence such that S^j^^ S^^\ 
as A — > oo, in the sense of distributions. We will choose: 

<'M=(^)'e-^ (2.2) 

where | • | is the Euclidean norm in 3?^, Aq > with the property Ao(A) ^ oo as 
A — > oo. The cutoff dependence will be fixed presently. 

From the free field piece of (2.1) we see that the canonical (engineering) dimen- 
sion of (f in mass units, is: 

[V] = ^ (2.3) 

which means, from (2.2), 

[Ao] = 2-D (2.4) 
and hence from (2.2) and (2.1) we have: 



[g,]=D-{2-D)- = s 
We can now introduce dimensionless couplings Ao,^o via: 



(2.5) 



Ao(A) = A'-^ Ao . 

} (2.6) 

^o(A) = A^ ^0 

where Xo.go are cutoff independent and held positive . We shall hold 1 < D < 2 

and £ > 0, so that Ao(A) and ^o(A) — > oo as A — ^ cxo. (The marginal case £ = 

corresponds to critical internal dimension Dcrit = or critical external dimension 
^ - 2D \ 

'-^crit — 2—D'' 

It is convenient to pass to"dimensionless" fields $ (unit cutoff) given by: 

(p{x) ^ A^^{Ax) (2.7) 
Substituting this in (2.1) and making use of (2.6), we get the unit cutoff action: 

5i($) [ d^x (V$(a:)F(-A)V$(a;)) 
+ 

where: 



r (2.8) 

/ d^x vomx)) 



^o(^) = ^o(^)^e-^l*l' (2.9) 

To reach the continuum limit (A oo) starting from in (2.1), is equivalent to 
starting from the unit cutoff action (2.8), performing RG iteractions InA = N times 
and taking A?" — > oo, [8]. As we shall see, no unstable directions are encountered , so 
that no further renormalization is necessary. However to speed up the convergence, 
and simplify the analysis, we will hold the dimensionless parameter Aq at a fixed 
value A*, which will be defined later. 



3. The R.G. and its hierarchical version 



The partition function corresponding to the unit cutoff action (2.8) is given by: 

Z = J d/.c,(*)e-^°(*) (3.1) 

where 

d 

i = 1 } (3.2) 

(see 2.9), and fxci is the Gaussian measure of mean and unit cutoff covariance Ci, 
whose integral kernel is: 

(3.1) is well defined, if we restrict ourselves to a finite volume t^tv, with = 
L^^\'d\. (If the original cutoff action (1.1) is held in fixed volume then passing to 
unit cutoff increases to as above). 

The sample field $ is at least once differentiable, since J d^pF{p^) < oo. 
To obtain a RG transformation we write 

where in momentum space, 

f(lV) 



(3.4) 



r(p) - 2 



and, correspondingly, write: 



^ = ip + C 

as a sum of independent Gaussian random fields distributed with covariance Ci/L,r 
respectively. Correspondingly, the partition function Z can be written as: 



(3.5) 



The RG transformation then is: 

^-v,m ^ J ^^^^Q ^-Vo{l'-^ *(l-^.)+C) 

where /ir is Gaussian measure with covariance F (see 3.4). The above transformation 
is to be iterated InA = N times and A?" ^ oo, to achieve the continuum hmit. 

Note that F has exponential decay in x-space, since r(p) is regular at p = 0. 
Even if Vq is local, Vi will be not. But the RG functional integral, and thus Vi, can be 
studied by a high temperature expansion (for this, for other models, see for instance 
Gallavotti [10], [11], D.C.Brydges [11], and the contributions of Brydges, Gallavotti, 
Gawedzki- Kupiainen, Feldman et al in [12]). 

In this paper we obviate this difficulty by introducing the hierarchical approxi- 
mation to the cutoff free field, which enforces locality in the RG transformation and 
keeps scaling properties intact. 

To this end we first introduce a sequence of independent Gaussian random vec- 
tors {Cn}^05 Cn{x)£^^ with covariance 

r»(.-.) = r(^) 

Then we observe that the unit cutoff free field distributed according to covariance 
Ci, see (3.3), can be written as: 

oo 

$ = 5]L'^-TCn (3.7) 

n=0 

as can be checked by computing its covariance. 

Because of (3.6), the are almost piecewise constant on scale L", in probability. To 
see this we use Tchebycheff's inequality: 

P{\U^) - Uy)\ >^}<\ - Cn(y)l') 



by the mean value theorem, since a sample field Cn is at least once differ entiable. 
Now, 



^(|VCn(x)P) = -^ / ^iFip^)-F{LV)) 
= -^,by(3.6). 

Hence for \x — y\ < 

P{\Cn{x) - Uy)\ > 5} < ^ 

which shows that Cn{x) is nearly constant on scale L"' in probability. 
We also record: 



{\Ux)\') = d^ 

where 

(we will evaluate this later for typical strongly cut off functions F{p'^)). 
Observe also that (3.7), can be written as: 

(2--D) _ 

$ = Co + ^ 2 

where 

oo 

^ = ^ ^ Cn+l (3.9) 
n=0 

and it is easy to check, by computing the covariance, that 

^{x) = $(|) (3.10) 

Hierarchical RG 

The hierarchical free field is modelled on (3.7) and the properties of Cn explained 
before. Namely, we replace the Gaussian random vectors Cn which are almost con- 
stant in probability on scale L"^ by Gaussian random vectors CA,n, which are strictly 
constant on blocks A of size L". These random vectors are independent for distinct 



blocks of the same size, and also for blocks of different size. The independent Gaus- 
sian random vectors have the same covariance 7 (3.8). Substituting these random 
vectors in (3.7), gives the hierarchical cutoff free field. Scaling properties are thus 
preserved. 

More precisely, following Gallavotti [9], we introduce a sequence of compatible 
pavings {Qn}^=oi by blocks AsQn of linear size of 3?^. Here Qn is a refinement 
of Qn+i- To each block AeQn we associate an independent Gaussian random vector 
Cn,A^^'^ with covariance: 

(C,A Ca') = Sij^nmSAA' 7 (3-11) 

Let An{x) be the unique block A„ G Qn with x e A„. The hierarchical cutoff free 
field is obtained by replacing (3.7) by: 

oo 

$(a;) = ^L"^CA„(.) (3.12) 

n=0 

For cutoff A, the fields (p live in C with ji^l = L^^, for a hypercube of size 
. Hence as observed after (3.3), the unit cutoff field $ lives in hypercube of size 
j^N+M ^ Hence (3.12) should be strictly replaced by: 

N+M 

^x)^ J2 L-'^U^^,) (3.12') 

n=0 

The Ca„ are piecewise constant , but all scaling properties are preserved . We can 
write (3.12') as: 

H^) = Cao(x) + l"-^ Va, (x) (3.13) 

where, 

N+M-l 

L — ^ (2-0) 

<fAAx)= 2^ L'^ Ca„+i(x) 
n=0 

Ai C A2 C A3 C The subscript Ai in <^Ai emphasizes that (p is piecewise 

constant on blocks /S.\eQ\. It is easy to see that <^Ai(^c) = ^^f:^; since a;£A„+i =^ 
-f/S. 

Our RG transformation (3.5) simplifies considerably for the hierarchical cutoff 
field. (3.5) reads: 



where 



Since $ is piecewise constant over blocks AoeQo, 



AoeQo 



where 



$Ao = 5^ ^"^Ca„, A0CA1CA2C 
n>0 

Hence, using (3.15) and (3.13), 



2-£> _ TT 2-£) 

AoeQo ' 



n 



n 



Ao C Ai e-^o(^^o+-f'^ ^Ai) 



Plugging this into the RG transformation (3.14), we have 

n 



e^i(*) 



Ao c Ai / dii^iCAo) e-^°('^^o+^ 



n 

AieQi 



since tl{Ao bloks in Ai} = L^. 



We define the hierarchical RG transformation: 



2-D _ L'- 



Then from (3.16), 



AieQi 



4. Hierarchical RG iterations: the first step 



We begin the study of the sequence of hierarchical RG iterations: 
where 

Vn+i{<p) = -L^ ^n((/x^ * e^")(L^V?)) (4.1) 

where 

J ^ (4.2) 
d//^(C) = (27r7)-^e-^ A 

with 

-o(v^) = ^o(^)^e-^l-l^ (4.3) 

Note that 7, given by (3.8), can be evaluated to be: (use F(p^) = e"^^ as cutoff 
function) 

and so: 

7 = 0(L2--^), foj.D<2. (4.4) 
From this, and 4.1 - 4.3, we immediately have analytic continuation in D for 

1<D <2 

To set the ball rolling, look at the first iteration vq — > vi in lowest order in ^o- 
We have 

(/.^*e-^°)(L^<^) = l-^o {yi,*e->^^\-\'){L-^f>) + 0{gl) 

2- (4.5) 

= 1-^0 (^)^e-^^^MVo(^o^) 



where: 



Ai = ^ ^ (4.6) 

1 + 7A0 



and we have used the formula for Gaussian integration, for u > 0, 



K.e-"l-l')(L^W = ^^^^e-4^l-l' (4.7) 



Then: 



where: 



e = D-{2-D).^>0 



Notice that we hold D <2, hence the map 



Ao — »■ Ai — — — 

1 + 7A0 



has a fixed point 



A, = ^ = 2-(2-^)(2 - i^) < 1 (4.9) 

7 

To simplify the further analysis, and speed up the convergence, we shall choose 
the starting An = A* , and 



v.{v) = (^)^ e-^l^l' (4.10) 

and the starting interaction : 



vo{^) = gQV^{ip) (4.11) 

Iteration vn — » f i 
Notations 



p = 2- D,a= {2- D)^ > 0, d>2. 
e = D-a>0, 1<L><2| 

We shall also write 



Then: 



whence: 



where: 



Remark: 



n>l 



k 

v,{^)=goL^Y. E n {vj)^ (4.12) 

k>l £i..Jk J = 1 



1 < Ij < OO 



k 

"-J 



^=(^i,...,4), Ki = E^^- 

1 (4.13) 



Cfc(£) 



k k 

n (£,!) 
i = i 



By collecting terms of given power of ^ro) we can write (4.12) as: 



n>l 



and this is just the cumulant expansion. 

By explicit Gaussian integration, using formula 4.7, together with the property 
that A* = — 1) is the fixed point of the transformation A — > A' = ^ 

obtain, for large L, 



«V = L-"..(.) ,^)<".i.(l + (l_l)i-.). ^^^^^ 

.exp{-^L-l'{l-j)\.p\') 

where strictly speaking L~^(l — j) stands for 0{L~I^{1 — j)) and this will be under- 
stood. 



Define : 

k 

dk{e)= n e//^ 
j = i 

k 

AW = E(i-^) 

i=i ■' 
with c/s(£) given in (4.13). 

Plugging in (4.14) into (4.12), we get: 

vi{(p) = gov^{ip)Gi{ip,go) (4.16) 

where 



(4.15) 



Gi{^, go) = J]L-(^-i)« Yl go) (1 + L-^fkii))- 

l<lj<oo (4.17) 
■exp{-^[{k-l)+L-^hmW?) 

This is a series of differentiable functions of the variable (/?^ = |</?p > 0. We have the 
uniform bound: 

|G'i|<5]i^-('-')" \h{£.go)\{l + L-Pk) (4.18) 

1 < £ j < oo 

and we claimn that the r.h.s. of (4.18) converges provided 



\9o\<{^)-Un{l + L-) (4.18') 



Thus (4.17) converges uniformly. This shows that Gi is a continuous function of <^^, 
for sufficiently small ^ro- Later we will see that it is differentiable. 

Proof of Claim 

To check the uniform convergence, note that 

J2 ihiLgom + L-f'k) 



<(i+L-^) V fe.('^-')^^--V\^)g;^.'^-)^ 



(1 + i^-^) .y d^oKfe)^)' 

(\n ir^*'^/^^ n ' 



k 



Putting in the bound (*) in (4.18) we see: 

•A, \d/2 . I |/A,\d/2 ,7, -1 

— ^ ^ {^e\9o\{2^) _ 

TXk-l)a 

and the gemetric series on the r ■ h ■ s converges provided: 



(*) 



l^o|<^^-Ml + i^") (4.180 

and the claim is proved. 
Relevant and Irrelevant terms 

We now extract the relevant term which gives an effective coupling gi , after one 
RG step, and a corresponding irrelevant term /i, as follows. 
Define: 



gi = L^goGi{cp,go)\^=o (4.19) 

and 



h{v,go) = L^go[Gi{(p,go) - Gi{0,go)] 
so that we can write the effective potential vi, 4.16, as: 



(4.20) 



vi{ip) = v,{^)[gi+h{^,go)] (4.21) 
(that Ii, is irrelevant will be seen presently) From (4.17), and (4.19), 



= L'go J] a^-i g^'^ (4.22) 



n>l 

where 



an-i = (|^)("-i)i (-1)"-! L-^^-^^^ ^kWkim + L-Pfk{i)) (4.23) 

and (4.22) converges absolutely for : |gfo| < (|^)~'^/^in(l + L"), as follows from (4.18, 
4.18'). 

The first few coefficients are: 



ao = 1 



From (4.17) we can write: 



where 



-^(^)ni + O(L-^))<0 



^1 = L^^o(l + ai^o) + r(5ro) (4.25) 



T{g^)\<cL'\g^\^ (4.26) 



for ^fo sufficiently small. 

Ignoring r(^o)) we derive the approximate fixed point.: 

g = ^) ~ \ = O(dnL) > (4.27) 

Given £ > 0, sufficiently small, choose the block size L very large but bounded: 

(J^)t<L<eI^ (4.28) 

where (see later after 4.31) 

^ = /3-£ > 



In particular (4.28) =^ 

1 



< £ < 



{logLf 
so that 

£|/n£| < ^ < Ce^/^ (4.28a) 
Chose the initial go very close to g: 

\go -9\< \ (4.29) 

From (4.25) and 

9 = L^9 (1 + ai9) 
by taking the difference we can bound (use 4.29) 

1^1-^1 < I (4.29a) 

Hence, from (4.29) and (4.29a), we get 

|A^o| = |^i-^o|<£'/' (4.30) 

We will show in Section V that (4.30) is not only stable under iteration 
but contractive : 

\Agr,\<kr'\A9o\ 

with < A;* < 1, and all subsequent effective couplings gn lie within an neigh- 
bourhood of g. 

We now turn to the irrelevant term Ii (4.20). Ii vanishes at (p'^ = 0, and, by 
what we have shown for Gi, is continuous in </7^. We claim that it is differentiable 
and satisfies the uniform bound: 

1^1 (4.31) 

where P = P - s > {for e = 0, pc = Pc = - Dc = ^ > 0. Hence for e > 
sufficiently small ^ > by continuity) 

To see this take the derivative of (4.17) term by term and upper bound. Note 
that the k = I = 1 term in 4.17 gives 1 and so does not contribute to Ii. Also, after 



taking the derivative, the (^^-dependent terms (exponentials with negative exponents) 
can be bounded by 1. Hence 

l>2 k>2 ii--ik 



If we now plug in the expression (4.15, 4.13) for hk, we can easily verify that the 
series in braces {} converge for l^rol < {^)~'^^'^ln{l + L'^) and {} is 0{go). We restrict 
our selves to jS^/^ neigbourhood of g as in (4.29). Then we have: 



We use up a factor j-j^ to bound the constant by 1. We then get (4.31). Of course 
we can get a much stronger bound (as far as the field dependence is concerned), but 
we will not need it. In fact we shall replace (4.31) by a weaker bound : 

and by integrating this from to (^^, with /i(0) = we get: 

< e^--^l-l^ (4.33) 

The growth in ip^ is harmless since, from (4.21), Ii is always multiplied by 

V. = (^)'^/2e-^l^l' 
27r 



and 



We will see in Section V that the bound (4.32) is stable under iteration . 

We summarize what we have obtained after one iteration in the following Propo- 
sition 

Proposition 1 

Let £ > be sufficiently small (4.28) and g be defined by (4.27). Hold gQ so that 



Then after 1 RG iteration 

where /i(0) = 0. Ii{(p) is in (p'^ and the following bounds hold: 

|A^o| = l^i-S'ol <£^^^ 



1^1 < JL^^l-^m' 



where P = P — e > 0. 



5. Higher iterations and Convergence to non Gaussian fixed point 



Let us write, in analogy to what we have obtained after one iteration, the effective 
potential Vn after the nth RG iteration in the form: 

Vn{v) = 1J*{v)[9n + ^(V')] (5.1) 

where /n(0) = 0, /„ being the irrelevant term . Recall, = (^)'^/2e~^l'''l and 
define the uniform norm of Vn- 

IKIH (^)'^/'(|^n| + ||/n|UJ (5.2) 

where 

\\In\\v» = sup |e^l'^l'/n(¥')| 
'P 

In this section we will prove our main Theorem: 

Theorem 1 (Convergence to non-Gaussian fixed point) 

As n ^ oo, f n — > f CO in the uniform norms || • || where 

IK|| = (^)'/'(|^oo| + ||/oo|k) 

and 



boo - ^1 < s^/^ 

\\T < 



L/3/2 

provided e > is suflBciently small and the block size L sufficiently large (the precise 
condition is (4.28) of Section IV) Here, 

9 = Z ~ \ = 0(£/riL) > 

is the approximate fixed point of the first iteration, and 

p = l3-6 = {2-D)-e>0 (5.4) 

(infact for £ = 0, /3c = 2 — Dc = 2 — = > and hence, by continuity it 

follows that (3 > for £ > very small). 

Note that Qr^ > because of (5.3) and (4.28a) . 



Theorem 1 thus states convergence of the sequence of effective potentials to a non- 



Gaussian fixed point close to the approximate fixed point of the first iteration. 



In order to prove Theorem 1 we shall bound the difference of successive iterations: 



AVn ^ Vn+l - Vn ^ V^{Agn + AIn) (5.5) 

(our strategy is similar to that of Gawedzki and Kupiainen in [13,14], in a different 
context) 

To this end we shall make an inductive hypothesis (verified for n = 1) for the 
first n-steps of RG iteration. As in section IV, (4.28) choose the block size L very 
large but bounded and e > very small such that: 

^ < ^ < TTlW (5-6) 



(1^^/2)2/5 (^inL) 

This is easy to fulfill, as the reader can check. Since g = Q{elnL), the righthand 
inequality assures us that, 

f <Ce'/^ = e^'\Ce''^) (5.6a) 

which is very small. Define : 

/c* = 1 - dnL + 10£^/^ (5.7) 

Note that, 

< /c* < 1 

Define also: 

5{e) = e'/^ 

5*(^) = ^'/' (5-9) 
and hold the initial coupling go as in Section IV: 



\9o-9\ < 



Define: 

Agi = gi+i - gi 



AIi = Ii+i-Ii (5.10) 



* Inductive hypothesis : For the first n-steps of the RG iteration, the effective 
potential vi,V2, ■ ■ ■ ,Vn satisfy the following, Property Hn'- 



For Z = 0,1,2, ...,n-l 



(i) lA^^I < ki5{e) 
d 
dip 



where: 



and for I > 1: 



Note that forn = 1, the inductive hypothesis is satisfied (Proposition 1 of Section 

IV). 

Also remark that Property Hn the additional properties : 
Property 

(ia) l^n-^l = 545) 



d J. A* ^ 



-0, 



2 



Ilia; S ^^/^e 

(iib) |A/„_i|<c(-i)|^pe^""'H' 



Proof. Start from Hn 
(i) =^ (ia), since 

n—l n—1 



\gn -9\<J2 \^9i\ + \9o - ^1 < (E ^*)^(^) + ^^(^) 



z=o /=0 



< ^^£^2 1 5/2 

- 1 - /c* 2 



<£3/2 

Next, (ii) =^ (ii a), since 



, n—l , n—l 



1=0 ^ l-O 

and 

n-l 



V c« < + -i^( ^ ) 



Moreover (ii a) =^ (ii c), (integrate (ii a) with boundary condition /n(0) = 0). 
Finally (ii) (ii b) by the same reasoning. 
The main job of this section is to prove the following: 

Theorem 2 . Suppose vi , V2 , . . . , satisfies Property then under RG iteration 
Vn+i satisfies H^+i. 

Note that theorem 2 immediately implies Theorem 1: 
Proof of Theorem 1 (given Theorem 2). 

Since vi satisfies Hi (Section IV, Proposition 1), Theorem 2^ Vn has the prop- 
erty Hn for all n. In particular holds, all n. Since, < A;* < 1, (i) of {gn} 
is a sequence whose increments are absolutely summable, and hence Cauchy and (ia) 
says that every gn lies within an e^/^ ball of center g. Hence gn — > goo and 

l^oo-^l 

The decrease of in (/?^ beats the growth allowed in (ii b) and (ii c). From (iic), the 
In are uniformly bounded in the || • H^,^ norm. c^'^~^\ see (ii), goes to zero as n — > oo, 
and is summable. Now from (ii b) it follows that the In loo in the || • norm, 
and 

\\T < _f 

So Theorem 1 has been proved (given Theorem 2 ) 

The starting point for the proof of Theorem 2 will be the following formulae 
which give Af^ through the increments A^r^, A/„. 
To this end define: 

(-1)'-' ^ f l\< vi{gn-i + /n-l)'-'"(A(7„-l + A/„_i)- 



A^n(^)=ES]- E 



1>1 \<ni<l ^ ^ *^^' 

(5.14) 

Then we have: Increment formulae 



^gn = L%1 + L-''v,{0)An{0))-^ABn{0) 



A/n(0) = 

Note that the above make sense provided the series (5.13 - S.lj) converge and An 
is sufficiently small. This will be seen to be true presently because of the inductive 
hypothesis and Hr, . 
Proof of (5.15) . Start from 

Vn = V* {9n + In) 

and explicitly perfom the RG iteration Vn — > fn+i- We get (replace vq = gov* in 
(4.12) of section IV by Vn) 

k 

k>lli...lk J=l 

and 

Now write: 

9n+In = {gn-l + In-l) + {^Qn-l + ^In-l) 

and expand binomially: 

If we insert this in (* 1) above for each j-factor, then the contribution corresponding 
to ruj = 0, J = 1, . . . , A; gives us back Vn- Hence, 

Avn = L^J2 E (-l)'-'"'c,(/). 

k>l h---ik 



mi ...mj, \ J / 

where means at least one rrij > 1. We can write Yl' 



by symmetry. Note that 

from (4.13) of section 4. With these replacements in (*2), divide each j-factor there 
by L~"f*, and compensate by multiplying within the k-sum by 

The L~°'v^ can be factored out of (2) altogether, and L^~"f* = L^f*. 
Performing the Ik sum gives ABn- Each Ij sum, for j = 1,...,A; — 1, gives the 
identical contribution (the binomial series can be summed up again). We thus 
get 

Avn = L-^*(5]l-«('=-i)^,^-1(-1)'=-i^^1)AS„ 
fc>i 

or 

A^;^ = L'v^il + L-'^vUny^ABn (*3) 
= v4L%l + L-''v,{0)An{0))-^ABn{0)+ 
+{L^(1 + L-'^v^Any^ABn - (same at(/? = 0)}] 
= v^[Agn + AIn] 

Formula (5.15) has been yroved . 

We have to give bounds on various quantities appearing on the RHS of the 
formulae given by (5.15) expressing the increments Ag^ A/„. To obtain these bounds 
we shall make repeated use of the following Proposition 2, whose proof is given tn the 
appendix A. This proposition gives a priori bounds on RG integrals of the type 
we encounter . 
Proposition 2 . 

Let 1 < q <l and F{(p) a /x^ integrable function of <^^, satisfying 

F(0) = 

and 



where ci > is a constant 



dF 
dif'^ 



< cie" 



(5.16) 



Then 

is in (f'^, and there exists a constant C2 > 0, independent of L , such that: 

(ii) I ,\ \^=o\<clc, (5.18) 



(iii) < c?C2[L-^|<^|^e^ ^"'^1^1' + 1] (5.19) 



Remark . There is a trivial generahzation of this proposition where we consider two 
functions F and G with above properties with di appearing in (5.16), instead of ci, 
for G. Instead of F«, take 1 < qi + q2 <l- Then (i) - (iii) continue to hold 

with the replacement cf c\^d\^ , and with the same constant C2 independent of L. 
Proof of Proposition 2 . 

This follows from Lemmas 1-6 in the appendix A . 

Define now : 

F (<n^ ■ <^l(^n-l+/n-l)^ — (A/)-_i >^ 

for 1 < m < < s < m. 

These objects will obviously be encountered in bounding increments (5.15), (see 
(5.14)). Bounds on them are provided by the following Proposition 3, which follows 
immediately from Proposition 2 and Property Hn of the inductive hypothesis. 
Proposition 3 : 

Assume the inductive hypothesis with Property Hn- 

Then there exists a constant C3 = 1 + 0{e^/'^), such that 

^.^ ^ dF I s ^^ |^(c(n-i))a(e3|^|)a-^)e^ ^-'M' (5.21) 
d(fi'^ L" 

(ii) \Fn,i,m,s\ < C2(c("-^))^(c3|^|)'--[|^e^^-''l'^l^ + 1] (5.22) 

Here C2, independent of L, is the constant of Proposition 2. 
Proof. 



From part (i) of Proposition 2, (5.17) together with the remark following it, and part 
(ii) of Property Hn (5.11), (ii a) of H^^ (5.12), the derivative term is bounded by: 



So the R - H ■ S oi {*) is bounded by 

^(c<"-')r(fc_.| + i|l)<'-) e^--'M" M 
From part (ia) of H'^ (5.12), 

\9n-l\ < \9\+s^''^ 

Hence, 

\9n-i\ + jjj^<cz\g\ 

where C3 = 1 + 0(£^/^), since g is 0(e). 
Part (ii) of Proposition 3 now follows. 

Part (ii) follows in the same way, using part (iii) of Proposition 2, (5.19). 
Proposttton 3 has been proved . 

Using Propositions 2 and 3 and property of the inductive hypothesis, we 
obtain easily bounds on and AS„ and its derivatives (appearing in (5.15)) sum- 
marized in the following proposition 4, whose proof is relegated to Appendix B. 
Proposition 4 

|(l + L-%,(0)^n(0))-^| <l + L-«(A)d/2^ + 3£3/2 (5 23) 

ZTT 

|AJ<2c2C3 |^|(|^e^^"'l'^l' + l) (5.25) 



|A5„(0)| < K-H{e)[l - 9{^f/\l + II-") 



(5.26) 



|AiJ„| <cPr'^(e)(l + ^)+9^(^)' 



(5.28) 



The bounds proven in Proposition 4 will now enable us to prove Theorem 2. 
Proof of Theorem 2 
Claim 1 

\l^gn\-<K5{e) 

This is part (i) of property -ffn+i see (5.11). 

Proof : From (5.15), and the bounds (5.23, 5.26), we have 

|A(7n| <i^"|(l + i^""^*(0)A,(0))-i||AS,(0)| 

< K-H{e)L^[l - -9{^r'\l + + + 5s3/2] 

(l + L-«(^)^/2^ + 3£3/2) 

< K-H{e){L^[l - -gi^Y'^l + - 2^/^L-«) + 9e3/^] + ^} 

(we have used the fact, see 5.6a), that 

Thus 

I A^nl < K-'5{e){L^[l - {-2a,)-g + Qe^/^] + ^} 

where ai is given by (4.25) of section IV. From the definition of the approximate 
fixed point ^, see (4.27) of Section IV: 

- 1 



9 



we get 



Also, (see, (5.6)) 



and 



so that 



L%1 - {-2ai)g) ^ 2 - < 1 - elnL {i) 
L= < 1 + 



L%9e^'' + ^)< We'/' (u) 



Using (i), (ii) in (*) above, 



\^gn\ < K-^5{e){l - slnL + lOe^/^} 

by virtue of the definition (5.7). Claim 1 has been proved . 
Claim 2 

d(p 

This is part (ii) of Property -ffn+i (see 5.11) 

Proof : Carrying out the derivative of the right hand side of the equation giving 
^A/„ in (5.15) gives: 



,A/„| <(1 - L-"i;,|A,|)-i|L^-^AS„| + 



a(f'' dip'' 



+ {(1 - L-^v,\An\)-^L'L--{\^An\ + v.\^\)\ABn 



and a > (3, ior d > 2 
Prom 



V* = (^)'^/2e-^l^l^ 

ZTT 



dv^ A* 



d(p^ 2 

and the bounds (5.24, 5.25) on and its derivative, we easily derive 

L-«|0AJ<^^e-^M^ (^.) 

L-«..|A„|<^ (.) 

Now we bound the various terms in (**) above. 
1 Using (v) above and the bound (5.38) we get: 

\{1 - L-^v:\An\)-'\L'^ABr^\\ 



2 Next using (iii) and (iv) above, togethere with the bound (5.39) on AS„ gives for 
the term in braces {} in () above: 

■2c (kr'He)g + fi^)") e^^-l-'l' + 1) (. . .) 

We can trivially bound: 

We plug this into (***). Then from the overall factor {—) in (* * *) we use up j—j^ 
to bound all unnecessary constants by 1/2. We then get 

Putting together this bound, together with that in 1) above we get from (**) 



A* r -/3|,.|2 



Claim 2 has been proved 

This completes the proof of Theorem 2 . 

As shown earlier Theorem 2 ^ Theorem 1, and thus the scaling limit, in the 
hierarchical approximation, and convergence to a non-Gaussian fixed point has been 
proved. 
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Appendix A 

This appendix is devoted to the proof of Proposition 2 of Section 5. First we state a 
useful representation. Let F{ip) be a //-^-integrable function of (p'^. 



Also, from Section IV and Gaussian integration 
Thus, 

we can absorb, 

into the measure dfi^{() to obtain a new convolution kernel. 
Infact, 



(2777)^^/2 
^TT^ (1 + 7A,)'^/2 (277(7)^^/2 



where 



a = (l + A,)-i 
7 



and we have used (Section IV), 1 + 7 A* = L^. 
We therefore obtain: 



< v^F > 



if) 



where ji^ is the Gaussian measure of covariance 

. = (^ + A.)-^ = -J = 0(l) 

The representation (Al) will be used in the following. 
Lemma 1 



= j d^i,{C-L-^/'^)F{C) (Al) 



Let F{(p) be a i^a- integrable function of (p^. Then, 



Proof : By invariance of F and the measure, the L - H ■ S- oi (Al) is a function of (p^. 
Apply 

d 1 ^ d 



to the integral kernel in (Al). We then obtain: 



-L-^ I 7wz±n^^~^^^ ^(C)] (^3) 



Since is an inv. function of <^^, we can choose coordinates 



(fi = (^1,0, ...,o), = (fi'^ 



= e 2- 2^T7( —ye a (*) 



Plugging (*) in to (3) we get : 



^ 2(7 

where 

Ji = 



d ,< v*F>, 1 , , , ,,,, 



' J=0 



Since F is inv. function,and is even in C,i, only odd j > 1 contribute. So with 
j ^ 2j + 1, 



whereas , 

1 ,L-/3/2 



J=0 

Only even j contribute, so j 2j 



Hence, from (A4), (A5), (A6) and we get: 



d ,<vJF>.. ^ 1 _£Z^Mi, 1^1, 
i—r^ )l<7^e ^^{vertJt\ + \J2\) 



2^ (2i)! ^ 



2j 



i=o 

• / dii^may + (|^]i^(c)i (^7) 

Thus Lemma 1 has been proved 

Remark : Lemma 1 wiU now be apphed in the foUowing pages to special choices of 
the function F. 

Lemma 2 Assume : F{^p) is a //^ integrable function of = |<^p,F(0) = and 

I dF I ^ A»Lr-/3|,o|2 , ^ 



Then, 

( ^ )| < ciCaL-^e^^'^l'^l' M8 * *) 



for some constant > 1, is indept. of L 

Proof : We shall use Lemma 1. Note that, from (A8*) 



|F|<ci(^L'^)(e^^"'l^l'-l) (A9*) 



Hence, from Lemma 1, 



.... -^^ZM + IImi 



(AlO) 



where: 



(2j - 1)!! 



(1 _ Ai« i;,-/9)d/2 (^i_>i^i-/3y 

(2i-l)!! = M = (2j-l)(2j-3)....l 

Using, ^^^ff/l"^^" = (2j - 1)!! we obtain: 

fjaj + l) ^ 1 . (2i):, 

(2j + l)a (1 - ^ L-f^y/^ (1 - ^ ^"^y i'2J 

1 



•[1 + 



(1 _ A^L-^)- 



r -N , /("-J + l)i r 1 

Hence the infinite sum in (AlO) 



2 e 2. (^13) 



We easily have 



and 



satisfies: 



<1 + 2:^L-^ 



1 + ^ < 2(1 + — L-^) 



1 1 ^-^L-P- 



(J 



.2^L-f < 1 ^ < -^L-^ 



Hence from (A13) 

{Y, ••••} < 2 e-(-%^-'') [(1 + ^L-^) - e^^^'l^l'] 



.=0 



and, since 







where 5 has to be chosen. 



{Y, ••••} < 2L-^e-(-^^--'')[4^ + le^^'"'l^l'] (A(14) 
i=o ^ 



Plugging the bound (A14) in (AlO) we get: 



2(7 A* (TO 

Choose : 5 — ^{1 — \) — so that for L, suff. large since a — 0(1) 

,25 2L-^, ^ ^ 2L-^ ^ 

H + ^ =i-V2 + ^<i 



and hence 



d^p"^ L "^v* (A*)a" a 

Choose C2 = ^(1 + ^) > 1 



Then: 



and Lemma 2 has been proved . 
Lemma 3 

FoTl<q<l, l>2 



< c?L-^e^^""l^l ^(15*) 



where F satisfies the hypothesis of Lemma 2 

Proof 
Writing, 

< vjF'i > _ <v^(vi-^Fi) > 



apply Lemma 1, choosing for F, {vl ^F'^) Then 

, d < viFi > , 1 l-Pm^ . 
< — e ^ L~^- 



(2j)! cT^j 



ai2j + iy 



A* 



2tt' 



From (A9*), in the bound on F{Q following the hypothesis of Lemma 2, 

|F(^)| < ci • {^Lf')e'^^-'M\i _ e-^^-^l^n 



< ci • e 2 



^(16) 



< ci 



e 2 



.(5+L-'3)|^| = 



where 5 is to chosen, 5 > 
Hence 



^_2-[(i_l)_g(5+L-^)]|C|2 



^(17) 



Choose: 



Then, 



2 



{I -I)- q{5 + L-^) >{l-l)- l{5 + L-^)since q < I 



= - y] > 0, since / > 2 
Hence, (/ - 1) - q{S + L'^) > Using this in (A17), get: 

4 



<-^(C)i^'(C)l<c?[ 



^A,(l-2L-/3)'27r 

(have used < A* < 1, as is easy to show). 
Using the bound (A19) we have from (A16) 



A{\%) 



A{1%) 



j=o 

The integral is computed as in the proof of Lemma 2, and we get: 
so that the sum 



We then get from (A20) 

Look at the constant in {}. Since 0<A* < l,d> 3 



1 < g < / 

since, a — ^ ~ 2^/^^^—^—^, (and this is regular as /? — > 0). Hence: 

< c?L-^e^^"'l^l' A(21) 

and Lemma 3 has been proved . 
Remark . 

We can collect Lemma 2 and Lemma 3 into a single Lemma. 
Lemma 4 

Let 1 < q <l, and F{(p) a /j,^ integrable function in (^^, satisfying the bound 
Then 3c2 > 1, independent of L , such that 



Proof This follows from Lemmas 3 and 4 



We need two further elementary bounds. 
Lemma 5 

Let F satisfy the conditions of Lemma 2, which are the same in Lemmas 2-4, 
Then, for 1 < g < there exists a constant C2 independent of L such that 



W=q\< c\c2 A(23) 



Proof 

(i) ; = g = 1. Then, using (A9*), 



:o|< / d^i,{C) vi-\o \F\c)\ 



A* a 

< ClC2 

(ii) l<q<l,l>2. use (A19) and (*), between (A20) and (A21), to get 

J df,M\vi-'F'^{C)\<clc, 

Putting (i) and (ii) together we get (A23). Lemma 5 has been proved . 

Finally integrate (A22) from to (p^ and use (A23) to obtain: 
Lemma 6 

^ c?C2[L-^|^|^e^--''l-l^ + 1] A{24) 
Lemma 4,5,6 take care of Proposition 2. 

Proposition 2 has been proved . The remark after Proposition 2 is a trivial extension 

of the above. 

Appendix B 

Proof of Proposition 4 

1. Bounds on An and derivatives 

Starting from (5.13) we can write: 

^n(O) 1^=0 + Rl 



where, 

p _^(-l)' <^l(^n + /n)'> | 

iF^^ '^=° 

l>2 * 



Hence, 



|An(0)+^n|<l V-^^ l^=0| + |-^l| 
Li 17* 



The first term on R ■ H ■ S is bounded above by: 

4f 



C2 



(use part (ii), 5.18, of Proposition 2 and (ii a) of property (5.12)). 
On the other hand. 



1-^0 m—n \ / * 



l>2 m=0 

I 



l>2 m=0 ^ ^ 

= C2 2^|y(kl + -p7^) 



Now the serie converges. Use (ia) of proporty Hnl (5.12) to deduce: 

|i?i| < 2c2f 

Hence, 

\AniQ)+gn\<Qc2f 

so, using (ia) of H'^, get 

Finally, from above and 

(1 + L-vUn)-' = 1 - L-vUn + /^r-l^^r 

deduce, 

1(1 + L-«^;,(0)^,(0))-i| < 1 + L-«(^)'^/2^ + 3£3/2 



'27r' 



(Bl) is just (5.23). 



Next we bound : Starting from (5.13) 



dAn, ^ n\, a-m^ d < t;lC > 



\9' 



^ 1>1 m=0 ^ ^ ^ * 

Use proposition 2 and (ii a), 5,12, of property H'^, by the inductive hypothesis. Then: 



2 



^ 1>1 m=0 ^ ^ 

Z>1 

The series converges. Now use (ia) of i?^, 5.12, to deduce 

Finally, using part (iii) of Proposition 2, (5.19), and H'^ we get in the same way: 

KI<2c2C3|^|(|^e^^-^l^l%l) 5(3) 

(B2) and (B3) are (5.24) and (5.25) respectively. 
2. Bounds on AB„ and derivatives 

In (5.14) we make the binomial expansion: 



(A^„_l + A/n-l)™ = E U (^^n-l)"^-^(A/n- 



s=0 

to obtain: 



«>1 ■ l<m<l ^ ^ s=0 ^ ^ 

where Fn,i,m,s is given by (5.20). 

We separate out the contribution of the terms with s = 0, (called AC„), and the 
contribution s > 1, (called AD„). AD^ has thus at least one irrelevant term A/^_i. 
We get 

AC„ = (A<7.-i) 5^ 5^ ( M (A<7n-l)^-^Fn,^,m,0 



1>1 l<m<l 



Z>1 ^ 

r n'- / i \ ''''' 

l>2 ' 2<m<l ^ ^ 



and 

1<1 l<m<l ^ ^ s=l ^ ^ 

and 

First we give a bound on ACn(O), which we write (see B 5), 

ACn(O) = (A5r„_i)[l - F„,2,i,o(0) + i?2 + Rz\ 



where 



/>3 ^ ^' 



«>2 ■ 2<m</ ^ ^ 



Now, 



i'n,2,l,0(Uj - JP^^ l'^=0 

From the inductive hypothesis and (i a) of B.'^ (5.12), 

bn-i - ^1 < e^''^ 
From (ii a) of B.'^ and part (i), 5.17, of Proposition 2, 

l¥>=0| S C2- 



Hence 



|1 - ^..,2,1,0(0)1 < 1 - 9{^YI\^ + + 2s'/^ 



We have from part (ii), (5.22), of Proposition 3, 

\R2\<J2-([^}^rr,l,l,om 



l>3 



^ 7]-rw(^3|^|)'-' < 2C2(C3^) 

< 2£3/2 



since the series converges. 



Next, always using Proposition 3, and part (i), (5.11), of property of inductive 
hypothesis: 



i«3i<iA.„-.iEn E (:) 

l>2 2<m<l ^ ^ 



\m—2 I 771 
n— 1| |-rn,Z,n,0 



l>2 ' m=2 ^ ^ 

<£3/2 

since the series converges. Using the above bounds we get: 

|AC„(0)| < |A^„_i|[|l - Fi%,,\ + \R,\ + |i?3 



or 



\ACnm<K-'Sis)[l-g{^)''/\l+^-L-^) + 5e'/'] 5(8) 



Next we bound the derivative of ACn- 
Starting from (B5), 



^ ACn|<|A^._i|[5^-^|-^F„,^,i,o|+ 



l>2 m=2 



Now use part (i), (5.21), of Proposition 3 and from inductive hypothesis part (i) of 
Hn, (5.11), to get: 

l>2 



l>2 ' m=2 ^ ^ 

.(c3^'-].e^^-^l^l^ 

< k:-'6{e)^csg[{l + 0(^)) + kr'S{e){l + 0(^))]- 



since the series converges. Hence, 



similarly using part (ii) of Proposition 3 and i?^, 

Next we shall bound AZ)„ and its derivative. Starting from (B6), and using part (i) 
of Proposition 3, (5.21) and part (i) of Hn, (5.11), we get: 



dip 



1>1 l<n<l ^ ^ s=\ 

The series converges, and we deduce: 



,i5Ai5„|<-|.c<"-')ce^-->|- B(ll) 

In the same way, using part (ii) of Proposition 3 and part (i) of we get: 

|ADJ < C2c(-i)c[|ie^^-''l^l^ + 1] 5(12) 

whence, 

|Ai?n(0)| < CC2C("-^^ S(13) 

Now recall, (5.11 a) of i/^, 

„(n-l) _ 9 Ln-2 e/ ^ , 9^ / ^ Nn-1 

Because of (5.6), 



1 1 



Hence, 



Hence, from (B 13), 



L/3/2 2 2 



|Ai;„(0)| </cr'5(£)[-pf^+^^] S(14) 



From the above bounds on AC„ and AD„ we get bounds on 

AS^ = ACn + AD^ 



From (B8) and (B14) we get 



\ABM\ < K-'Sis)[l - 9{^mi + + + Se^/^] 5(15) 

This is (5.26). On the otherhand, from (B9) and (Bll), we have, 



Now, 



Plugging this into the previous inequahty. 



We can now use the overall factors L~^l'^ to bound unecessary constants by 1/4. 
We thus get: 

which is (5.27). Finally from (BIO) and (B12), we obtain similarly: 

|ASJ < c [gkr'Ke){\ + ^-i^)- + 9\^T\ ■ i^e'^'^-'M' + 1) B{17) 
which is (5.28). 

This completes the proof of Proposition 4 . 
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